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Abstract. Starting from a 6-dimensional nilpotent Lie group A'^ endowed with an in- 
variant SU{3) structure, we construct a homogeneous conformally parallel G2-metric on 
an associated solvmanifold. We classify all half-flat SU{3) structures that endow the 
rank-one solvable extension of N with a conformally parallel G2 structure. By suitably 
deforming the SU{3) structures obtained, we are able to describe the corresponding non- 
homogeneous Ricci-fiat metrics with holonomy contained in G2. In the process we also 
find a new metric with exceptional holonomy. 



1. Introduction 

A seven-dimensional Riemannian manifold (Y, g) is called a G2-manifold if it admits a re- 
duction of the structure group of the tangent bundle to the exceptional Lie group G2. The 
presence of a G2 structure is equivalent to the existence of a certain type of three-form ip on 
the manifold. Whenever this 3-form is covariantly constant with respect to the Levi-Civita 
connection then the holonomy group is contained in G2, and the corresponding manifold is 
called parallel. The development of the theory of explicit metrics with holonomy G2 follows 
the by- now-classical line of Bonan [5], Fernandez and Gray [T^, Bryant and Salamon [3]. 
We shall review a few relevant facts in section 2. 

Interesting non-compact examples are provided by Gibbons, Lii, Pope, Stelle in |17| . 
where incomplete Ricci-flat metrics of holonomy G2 with a 2-step nilpotent isometry group 
N acting on orbits of codimension one are presented. It turns out that these metrics have 
scaling symmetries generated by a homothetic Killing vector field, and are locally isometric 
(modulo a conformal change) to homogeneous metrics on solvable Lie groups. The solvable 
Lie group in question is obtained by extending the isometry group of the original manifold, 
and can be seen as the universal cover of the product of M with the 2-step nilmanifold 
corresponding to N, which is a compact quotient r\iV by a discrete uniform subgroup. 
Solvmanifolds — that is solvable Lie groups endowed with a left-invariant metric — and 
in particular solvable extensions of nilpotent Lie groups provide instances of homogeneous 
Einstein manifolds. The fact that any nilpotent Lie algebra of dimension 6 admits a solvable 
extension carrying Einstein metrics PJj will be of the foremost importance. 

We shall concentrate on conformally parallel G2 structures, characterised by the fact that 
the Riemannian metric g can be modified to metric with holonomy a subgroup of G2 by a 
transformation 

9 '-^ 9, 

for some function /. 
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In the light of it is natural to study such G2 structures on a rank-one solvable 
extension of a metric 6-diniensional nilpotent Lie algebra n endowed with an S(7(3) structure 
{ijj^i)'^) and a non-singular self-adjoint derivation D which is diagonalisable by a unitary 
basis. This last condition is equivalent to {DJ)^ = (JD)"^ and we show that this is the 
compatibility that one has to impose between D and the SU(3) structure in order to obtain 
the non-compact examples found in |17j . 

As shown in section 01 such an extension is given by a metric Lie algebra s = n © M.H 
with bracket 

[H,U]^DU, [U,V] ^ [U,VU„, 

where U,V ^ n and _ff _L n, ||i?|| = 1. The subscript denotes the Lie bracket on n, and the 
inner product extends that of n. There is a natural G2 structure on the manifold y = iV x M 
corresponding to the 3-form 

tp = uj AH^ + e A^T*Y, 

where b is the isomorphism of T onto T* induced by the metric. The Lie algebra s is 
isomorphic to each fibre of the principal fibration T*Y — > Y, and we prove the 

Main result. {Y,ip) is conformally parallel if and only if n is either M^, or 2-step nilpotent 
but not isomorphic to the Lie algebra f)3 ffi 1)3, 

where [)3 denotes the real 3-dimensional Heinsenberg algebra (cf. The operator D has 
the same eigenvalue type of the derivation considered by Will to construct Einstein metrics 
on 7-dimensional solvmanifolds j31| . 

In section we describe explicitly the corresponding metrics g with holonomy a non- 
trivial subgroup of G2. Half of such metrics have Hol{g) = G2 and stem from the three 
irreducible 2-step nilpotent Lie algebras. The remaining metrics have holonomy either SU{2) 
or SU{3) and correspond to Lie algebras with abelian summands. Using this we show that 
some metrics have also been considered by jl7l in the study of special domain walls in string 
theory. We are able to produce a new metric with holonomy equal to G2, that arises from 
the 6-dimensional Lie algebra spanned by e^, . . . , with 

62 = [65,64], 63 = [66,64] = [61,65] 

as the only non-trivial brackets. 

The conformally parallel G2 structure forces the initial SU{3) structure to be of a special 
kind, known in the literature as half-flat This turns out to be a useful notion, which 

allows one to find explicit metrics with holonomy G2 by investigating the corresponding 
Hitchin flow ^T]. Section is especially devoted to such a description. We determine a 
solution of the evolutions equations and compare the resulting G2 holonomy metrics with 
the ones previously described. These rank-one solvmanifolds S admit then a pair of distin- 
guished metrics. The first is the homogeneous Einstein metric with negative scalar curvature 
constructed in 31 . The other arises by conformally changing a homogeneous metric and 
possesses a homothetic Killing field, i.e. a vector field with respect to which the Lie deriva- 
tive of 5 is a multiple of the identity; our investigation proves that it is also obtainable by 
evolving the original SU{3) structure. 
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2. G STRUCTURES IN 6 AND 7 DIMENSIONS 

Suppose that X indicates a six-dimensional nilmanifold with an invariant almost Hermit- 
ian structure. Thus, X is endowed with an orthogonal almost complex structure J and a 
non-degenerate 2-form uj which induce a Riemannian metric h. An Sl7(3)-reduction of the 
structure group is determined by fixing a real 3-form t/i"*" lying in the S'^-bundle of unit 
elements inside the canonical bundle [A^'"] at each point. We adopt the parenthetical nota- 
tion of [301 to indicate real modules of {p, gj-forms underlying the complex space A^"^'. Let 
= ip'^ + i'ip~ be the associated holoniorphic section (so that Jip~ = —tp'^)- The description 
is always intended to be local, so one can define the forms 

(2 1) 

^++iip- ^ (e^ + le*) A (e' - ze^) A (e^ + ie^), 

of type (1,1) and (3,0) relative to J. It has become customary to suppress wedge signs 
when writing differential forms, so e'^ " indicates e* A A . . . from now on. Following |11| 
and ini we tackle six-dimensional geometry by means of the enhanced Gray and Hervella 
decomposition of the intrinsic torsion space into five representations Wi , . . . , W5 . These are 
the SLf(3)-modules appearing in A^ (g) ( |A^'°| ©M) that identify the kind of almost Hermitian 
structure. Complex S(7(3)-manifolds are for instance characterised by the vanishing of the 
intrinsic torsion components belonging to Wi = R0 M, — su(3) ©su(3). Tagging the 
irreducible 'halves' by ±, one can correspondingly split the Nijcnhius tensor Nj — Nj +NJ . 
The modules Wt,yvt 

can be defined explicitly by prescribing the various types of the real 

forms 

dV+ = -2W5 A V+ + A w + W^oj^ 
dip- = 2W5 ATp- +W2 Auj + W^up- 

corresponding to h!'T*X = [AO-I] ® [AJ'^] ® R. The nought in the middle term denotes 
(1, l)-forms a satisfying a A tii = 0, called primitive. 

Moving up one dimension, we consider a product y of A" with R, endowed with metric 
g. Indicating by the unit 1-form on the real line one obtains a basis for the cotangent 
spaces T*Y . The manifold Y inherits a non-degenerate three-form Lp = 10 1\ -V ip^ which is 
stable, a la, Hitchin j2I], and defines a reduction to the exceptional group. The fundamental 
material for the G2 story can be found in standard references |3l)[ 23 • Let us only recall 
that the Riemannian geometry of Y is completely determined by the tensor 

^ ^ el25 _ g345 ^ g567 ^ gl36 ^ ^246 _ ^237 ^ ^147^ 

The seminal results of Fernandez and Gray jl5| permit one to describe G2 geometry exclu- 
sively in algebraic terms, by looking at the various components of in the irreducible 
summands X\,Xi,X^ and A4 of the space T*Y ® . Many authors have studied special 
classes of G2 structures, see for instance Before concentrating on a particular 
situation, recall that in general the exterior derivatives can be expressed as 

d-¥(p — 4t4 a *(p + T2 a (fi 
dip — Ti A *if + 3t4 Aip + *T3 ' 
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where the various Tj's represent the differential forms corresponding to the representations 
Xi, as in For example T4 is the 1-form encoding the 'conformal' data of the structure. 
With the convention of dropping all unnecessary wedge signs, the torsion three-form of the 
unique G2-connection |16| is given by 

in terms of n = ^g{dip, *ip) and T4 — — A 1^), the latter being the Lee form of the 
7-manifold, essentially. 

Our aim is to study conformally parallel G2 structures on Riemannian products, otherwise 
said manifolds X x R whose intrinsic torsion belongs to the class A4 only. If this is the case, 
the above pair of equations simplifies to 

d^ip = 4r4 A *Lp, dip — 3t4 A ip 

and the obstruction to the reduction of the holonomy can be written as $ = * {t^ ip) , pro- 
portional to the Hodge dual of dip. Now T4 is a closed 1-form in the more general setting 
of G2T-structures, so as soon as one has dimH^{Y,M.) = 1 (see it will be natural to 

assume it is proportional to e^. So let us rewrite those relations as 

, , J d*ip = ime'^ A *ip 

^ ' \ dip = Sme^Aip ' 

which also serve as a definition for the real constant m. To prevent the holonomy of the 
metric g from reducing to G2, we implicitly assume that m does not vanish. 

We shall next fit the geometric picture into the theory of Lie algebras, and suppose X is 
a nilpotent Lie group. This is indeed no real restriction since \IV2\ any Riemannian manifold 
X admitting a transitive nilpotent Lie group of isometrics is essentially a nilpotent Lie 
group N with an invariant metric. We shall determine which six-dimensional (1-connected) 
nilpotent Lie groups N generate conformally parallel structures on manifolds of a special 
kind, described hereby. 



3. Solvable extensions of nilpotent Lie algebras 

Let (N, h) denote a six-dimensional connected and simply-connected nilpotent Lie group with 
a left-invariant Riemannian metric, and n its Lie algebra. The orthonormal basis {e^, . . . , e^} 
of the cotangent bundle T*N is intended to be nilpotent, i.e. such that de* G A^Vi_i, where 
the spaces Vj — spaugje^, . . . , e^~^} filtrate the dual Lie algebra: 0cViC...CV5CV6 = 
n* . The step-length of n is defined as the number p of non-zero subspaces appearing in the 
lower central series 

n3 [n,n] D [[n,n],n] 3 ... 3 {0}. 

Given this, the terms Abelian and 1-step are synonymous. We shall need later the fact [2^1 
that a nilmanifold r\A^ and the Lie algebra of its universal cover have isomorphic cohomol- 
ogy theories, H*{n) = H*^{T\N). 
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Fix now a unit element H ^ n and suppose there exists a non-singular self-adjoint derivation 
Z) of n endowing 

(3.1) 5 = neMiJ 

with the structure of a solvable Lie algebra. In other words think of s as an extension of the 
following kind 

3.1. Definition. A metric solvable Lie algebra (s, ( , )) is said of Iwasawa type if 

(1) 5 ~ a(Bn, with n = [5,5] and a = n-*- Abchan; 

(2) adn is self-adjoint with respect to the scalar product ( , ) and non-zero, for all H €E 

(3) for some (canonical) element H E a, the restriction of ad^ to n is positive-definite. 

The terminology is clearly reminiscent of the Iwasawa decomposition of a semisimple Lie 
group. This is indeed no coincidence, for any irreducible symmetric space of non-compact 
type Y = G/K can be isometrically identified with the solvmanifold S = AN relative to 
the decomposition G — KAN of the connected component of the isometry group of Y. 
Iwasawa-type extensions are instances of standard solvmanifolds in the sense of Heber, and 
in a way represent the basic model of standard Einstein manifolds (20| . Now the nilpotent 
Lie groups of concern (actually all, up to dimension six) always admit Einstein solvable 
extensions |26| , yet we wish to stress that all known examples of non-compact homogeneous 
spaces with Einstein metrics are of this kind, modulo isometrics. What is more, they are 
completely solvable, i.e. the eigenvalues of any inner derivation are real. The curvature of 
these spaces must be non-positive, because Ricci-flat homogeneous manifolds are flat [2], 
and Alekseevskii has conjectured that a non-compact homogeneous Einstein manifold has a 
transitive solvable isometry group. The latter cannot be unimodular, as the space is assumed 
to be non-flat T?. This is in contrast to the nilpotent picture, where a cocompact discrete 
subgroup always exists |28| . under the hypothesis of rationality of the structure constants. 

The whole point of reducing to rank one is that in the Einstein case, this is no big 
specialisation, for [201 classifying standard Einstein solvmanifolds is essentially the same as 
determining those with codim [s,s] = 1. 

Since N has an invariant SU(S) structure one can suppose there exists a diagonalisable 
operator D G Der(n) with respect to a Hermitian basis, that determines the rank-one exten- 
sion as in 1)3. 1|1 . That entails that there is indeed a unitary basis consisting of eigenvectors — 
let us still call it {ci}, i = 1 . . .6 — for which the matrix associated to D = adfj is diagonal. 
Hence, 

(3.2) a,d^{ei) = CiCi 

for some real constants q, which must be positive in order to satisfy Definition 13.11 The 
derivation D is chosen to be precisely ade^, and since the Cartan subalgebra a is now one- 
dimensional the only inner automorphism acting on n is the bracket with the vector H = ej, 
which is self-adjoint for the inner product, and non-degenerate because Cj ^ 0, for all j's. 
Therefore, the Maurer-Cartan equations of the rank-one solvable extension 5 = n Mey 
assume the form 

.0 OA / de^ = deJ + Cje3\ 1 j < 6 
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where the 'hat' indicates derivatives relative to the six-dimensional world, i.e. d = d\/^,]g6, 
and {e-'} is the basis of 5 dual to {e^}. Results of Heber and Will [2312] guarantee that 
Y — N X M. admits Einstein metrics, in fact there exists a unique choice of the vector 
(ci, . . . , ce) such that the inner product ( , ) is Einstein. 
In general, the Lie structure of n is defined by 

de^ = aie^^ + ... + ai^e^^ 
de^ = aiee^^ + ... + 0396^^ 



de^ = 0766^2 + ... + agoe^^ 
where all coefficients are real numbers. 

Remark 3.2. This is a good point to see that the existence of a unitary basis diagonalising 
adej = D is tantamount to requiring that D and JDJ commute, or (DJ)^ = {JD)^. This 
follows directly from H2.1|) . H3.2|l . and the computation for ei is heuristic 

DJei — €464 — ^JDei, hence 

-fj{cle4) - -^JD^e4 = fJDDJei = {JDfei. 

It has to be noticed though that J need not necessarily be an almost complex structure 
for the argument. In fact, any endomorphism I of the tangent bundle of N such that 
X(ei) = (64), 1(64) — (d) efc cetera does the job, since then and D are simultaneously 

diagonalisable, hence commute. 

4. The classification 

Before we start investigating equations (|2.2|) in relation to the induced geometry on , let 
us discuss the delicate point of the choice of the Sf7(3) reduction. Define -0^ as in (|2.1|l with 
{ci} a unitary basis that diagonalises D. A reduction to SI7(3) is determined by the choice 
of an element 

— t/A cos 9 + tp^ sin 9 

(for some angle 9) in the circle generated by and tp^ in Wi. In general, it is impossible 
to express -0"*" in terms of a basis that diagonalises D as simply as in H2.1|l . The proof of 
next theorem shows that one can in fact assume that 9 = 0. 

Moreover, one can say is that there is a unique — up to sign — closed 3-form in the 
circle f Proposition 14.6(1 . 

Let us write 

whence one immediately finds that 

(4.1) dcje'^ + = -3m0+e^, dip~ e"^ + ojdu = 2muj'^e'^ . 

Reflecting the splitting of the fibres of the cotangent bundle T*Y = ® Me^, the relations 
give 

du; = duj - ((ci + C4)e" - (03 + C2)e^^ + (cg + C6)e^^)e'^, 
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duj^ ^ duj^ + 2((ci +C4 + C3+ C2)e^'^^^ + (cs + ca + cg + ce)e'^^^^ 
- (ci + C4 + C5 + C6)ei'*5^)e^ 
Similarly one computes the exterior derivatives of the real 3-forms: 

= d>+ + (Ci +C2+ C5)ei257 + (c, + C3 + C6)ei367 

- (C3 + C4 + C5)e3'^^'^ + (C2 + C4 + C6)e2'^6^ 

dV^- = dip^ + (ci + C2 + C6)e^2^^ - (ci + C3 + C5)e"" 

- (C2 + C4 + C5)e2457 _ + C4 + C6)e3467. 

When, in general, G'2-manifolds Y are constructed starting from six dimensions, many of 
their features are determined by the underlying SU(3) structure, and the following definition 
becomes natural 

4.1. Definition. An almost Hermitian manifold is half- flat, or half-integrable, if the 
reduction is such that both ip~^ and are closed (with respect to d). 

This is the same as asking that the intrinsic torsion components , , W4 and W5 vanish 
simultaneously. This sort of structure appears, in various disguises, on any hypersurface in 
(or Joyce manifold, for that matter), and its possible role in A^-theory has been recently 
examined [T^II|. 

Plugging the previous equations into system l|2.2|l allows us to discover a geometrical 
constraint, for 

4.2. Lemma. When (Y, ip) is conformal to a G2-holonomy manifold, N has a half- flat SU{3) 
structure. 

Proof. This is clear if one considers the terms in (14.1(1 that belong to (e"^)-*-. □ 
On the other hand, the components of ((2.2(1 in the direction of read 

duj = -(ci +C2 + C5 + 3m)ei25 _ (ci + C3 + C6 + 3m)ei36_ 

(C3 + C4 + C5 + 3m)e345 - (c2 + C4 + cg + im)e^^^ 
dij)^ = (2to - ci - C2 - C3 - €4)6^"^^^ + (2™ - C3 - C2 - C5 - C6)e^^^'' + 
{2m + ci + C4 + C5 + C6)ei'*56. 

We will show that the derivation D = ad^^ has an eigenvector (for instance ei) belonging to 
[n,n]^, so the structure of 5 is determined by equations ((3.3(1 . with de^ = and de^ given 
by ((3.4(1 for J = 2, ... , 6. The point is to find all possible coefficients ak, k = 16, . . . , 90 and 
Cj, 1 ^ j ^ 6 such that d^{e^) = and 1(4.1(1 are satisfied, for some non- vanishing m. In this 
way we obtain the following classifying result 

4.3. Theorem. Let N he a nilpotent Lie group of dimension 6 endowed with an invariant 
SU{3) structure (w, Suppose there is a non-singular and self-adjoint derivation D of 
the Lie algebra n such that (DJ)^ = (JD)^. Then on the solvable extension s = n0 We^ 
with adej = D , the G2 structure (p = co /\ e'^ + is conformally parallel if and only if n is 
isomorphic to one of the following: 



(4.2) 



8 



SIMON G. CHIOSSI AND ANNA FINO 



(0,0,0,ei2,ei3,e23), (0, 0, 0, 0, e^^, e^^), 

(0, 0, 0, 0, 6^2, + 6^3), (0, 0, 0, 0, 0, e^^ + e^"), 

(0, 0, 0, 0, + 6^2, + e^^), (0, 0, 0, 0, 0, e^^), 

(0,0,0,0,0,0). 

Though the hst does not appear that meaningful at first sight, it becomes more significant 
once considered in relation to the descriptions given in [23 . 

Proof. Since D is a derivation, it must preserve the orthogonal splitting [n,n] ® [n, n]^. 
Indicating the derived algebra [n,n] by n^, one infers that ade7(n^) C n-^, hence adej(n^)-'- C 
(n^)-*". Then one can suppose that there exists a unitary basis {e*} which diagonalises D 
with closed in n*. The structure equations of s are given by and (|3.4|) . with Oj — 
for all = 1, . . . , 15 and the 3-form ij:^ can be then expressed, in terms of the previous basis 
{e'}, as 

tp'^ cos + sin 6, 

for some angle 6*, where ip'^ are given by (|2.1() . It is necessary to impose the quadratic 
relations d^e* — together with the linear equations H2.2I) , for a total of 35-5 + 56 constraints. 
The complete system has 75 + 6 + 1 + 1 unknown variables ak,Cj,m,6. Given the number of 
parameters and equations, the results were also checked with the Maple package. Inserting 
the coordinates, (|2.2|) yields a bulk of 56 linear constraints on 83 coefficients. We have to 
distinguish two cases: 9 = and 6* 7^ 0. If 6* is not zero, the imposition of d^e' = and 
c; 7^ gives no solution. 

It 9 = the equations H2.2|l reduce to H4.2|l . Replacing the respective expressions in 1)3.4(1 . 
one gets 

de^ = 026^'' + aige^^ + (ags - 022 - 089)6^^ + 0556^** + (077 + 055)6^^ + 0206^''+ 
bie^^ + 0226^"' + 0236^^ + 0246^^ + (flgg - 032 - - 064)6^'* + a26e3^+ 
0276^'' + (2a62 + 2ci - 2c5 + 053 + 020 + 057 - a^Q)e'^^ + 0296'"' + asoe^'', 

de^ = €36^'' + (-a22 + asg - a65)e^^ + a^2e^^ + 0336^''+ 

(4ci - 2c2 - 2c5 + 2a53 + 3ae2 + 3a2o - aiii)e^^ + asse^*" + 0366^^+ 
(-088 + ai6 + 048 + a&i)e^^ + (-026 + 2a24 + a66)e^^ + 0396^'' - 02263"*+ 

626^5 + 636^^ + (029 - 077 - 056 - 035)6^^ + 

(5020 + 6ci - 4C2 - 4C5 + 4053 + 6062 - O76 + 2C3 + 085 - 057)6^'' + 0456^'', 

de^ = 046^'' + 0556^2 + 0336*3 _)_ 0486*** + 0496*^ + 0506*^+ 

(-O16 - 032)6^3 _ ^ggg24 _^ ^^^g25 ^ ^^gg26 _^ ^55634 + 
0566^^ + 057e36 - osoe"*^ + 0496^^ + (-088 + 2064 - 074)e^^ 

de^ = cse'^'' + (035 + 056)6*^ + 062e*3 + 0496*^* + 0546*^ + ogse*^ + 066e^3 -|_ d^^^^^j^ 

646^^ + (-083 + 207l - O3o)e^^ + 029e3* + 07ie35 + 072 e36 - 0396^^ + 

0746^6 + 65e^^ 
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de^ = cge*^^ + 0766^2 + 0776^ + asoe" + (2039 - a,(^^)e^'' + 66^^®+ 

(2a23 + a27 + aso)^^'^ + (029 - 077 - ase - 035)6^'' + asse^^ + b^e'^^+ 
asse^" + (2033 - 2a36 + 072 + 045)6^^ + 686^*^ + agge^^ + 0396''^ + h^e'^, 

de^ = 0, 

in terms of a certain number of parameters. We have put 

61 = -a83 + 055 + 071, 62 = 027 + 039 + 023, ^'3 = -024 - Cl66, 

64 = —033 — 072 + 036 ~ O45, 65 = —049 + O24 — O26 + 066, = — Ogg + 064 — O74, 

&7 = O33 + O72 - O36, 63 = -O7I + O30, 69 = O39 + O23 - O50 

for convenience. Besides, the following relations must hold: 

C4 = -5ci + 3C2 + 4C5 - 4053 - 5062 - 4020 - C3 - 0,67 + «76 - 085, 

C6 = 3c2 — C3 + 3c5 + 057 — 8053 — 4ci - 4o62 — 4a2o, 

m = Ci — C2 — Cb+ 053 + ^62 + 020. 

Only at this point it seems realistic to annihilate the quadratic relations coming from the 
Jacobi identity, hence set to zero the coefficients of the terms e'-'^ appearing in the various 
d^eJ- = 0. Since Cj ^ for all j = 1,...,6, the closure of rfe' kills all bi's above, and 
furthermore 

Ol6 = 022 = 024 = O23 = O32 = O33 = 036 = O48 = O49 = O50 = O55 = 064 = 071 = 089 = 0. 

Thus, the structure equations eventually reduce to a simpler form 

de^ = cie^^ 

de'^ = 026^^ + oese^^ + (077 + 056)6^^ + O2oe^® - 0746^"^+ 

(2062 + 2ci - 2C5 + 053 + 020 + 067 " 076)6*^ + 0296^^ 

de^ = cze""^ - oese^^ + (4ci - 2c2 - 2c5 + 2053 + 3o62 + 3o2o - 076)e^^+ 

0356^^ + 074e^'' + (a29 - «77 - «56 - «35 )(?'*''' + 

(5020 + 6ci - 4c2 - 4c5 + 4o53 + 6052 - 076 + 2c3 + 035 - 057)6^^ 
de* = c^e^'^ + 0536^5 + 0566^^ + osee^^ + 0576^^ 

de' = C5e^^ + (035 + 056)6^2 _^ ae2e^^ + oese^*^ + 0576^^ + 0296^" + 0746^^ 
de^ = cee^'^ + 0756^^ + 0776^^ - 0556^^ + (029 - 077 - 055 - 035)6^^+ 

0356^* - 0746*^ 
de^ = 0. 

In particular, the vanishing of the coefficients of e^^"^ , e^'^'^ in d^(e^) and of e^^^, e^^'' in (/^(e^) 
yields 

a65(ci - C2 + C3) = 0, 074(-C2 - C3 + C4) = 0, 

065 (-Cl -C2 + C3) = 0, 074 (C2 - C3 + C4) = 0, 

thus 065 = 074 — 0. The terms e"^^^, e^®^ in d^{e*) similarly give 

056(-C3 + C4 - C5) = 0, a56(-C2 + C4 - Cq) = 0, a53(-C2 + C4 - C5) = 0, 
057(-C2 + 057 + O53 + Cl + 062 + C3 + 067 - O76 + O85) = 0. 

Altogether, the following cases crop up. We shall examine them one by one trying to make 
further coefficients disappear. 
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Case a) a^^ = asg = = (corresponding to de^ = 0). The relation d? = yields 
0-29 = = 13.77 = 0, and six non-isomorphic algebra types come out: 

(4.3) (-me", -me^^, -me^\ -me", -me", -me*^^, 0) 

has an underlying Abelian Lie algebra, if one disregards the D-action. Next, 

(4.4) (-fme", -me^^ -fme^^ + |mel^ -me^^ -|me", -me", 0) 
extends n= (0,0,0,0,0,6^^); 

(4.5) (-|me", -me^^ -§me" + \m{e^'' - e^^), -fme^^ -|me", -|me", O) 
is clearly given by n = (0, 0, 0, 0, 0, e^^ + e^"*); 

(4.6) (-fme", -f me^^ - |me4^ -|me" + |m(ei5 - e^^)^ _|^e^7^ _|^e", -|me", O) 
attached to n = (0, 0, 0, 0, e^^, e^^ + e^S); 

(4.7) (-me", -fme^^ - ime'^^ -fme" - ^me^^ -ime''^ -|me", -|me", 0), 

whose n is essentially (0, 0, 0, 0, e^^, e^^); 
(4.8) 

(-fme", -|me27 - im(ei6 + e^^), -|me" + Imie^^ - e^^), -fme^^ -f me", -f me", O) 
is an extension of the Iwasawa Lie algebra, isomorphic to (0, 0, 0, 0, e^^ + e"'^, e^^ + e'^^). 

b) 053 = = 0, 057 = C5 — ci — — C3 — 067 + 176 — ^ss- Up to isomorphism, one gets 
the two Lie algebras with structure (|4.4I) and (|4.7I) . 

c) 056 = 057 = 0, C2 = fci - |c5 + |o62 + 2020 + 5C3 + ^067 + 2053 - ^076 + |o85- This time 
around one finds the algebras of b) plus 

(4.9) (-fme", -f me^^ -|me" + |mel^ -fme-^^ + f me^^, _|me", -f me" + f me^^ 0), 
which arises from n = (0, 0, 0, e^^, e^^, e^^). 

d) 056 = 0, C2 = fci - |C5 + |o62 + 2o20 + 5C3 + ^067 + 2O53 - ^076 + ^Ogs, 057 = 

C5 — 053 — ci — 062 — C3 — 067 + 076 — og5 , by which one regains H4.5|l . 

e) O53 = O57 = 0, O20 = -Ci + C2 + 5C5 - 062 - |C3 , 076 = Ci + C2 - C5 + 062 + 067 + 085 yield 

no solutions. 

f) 076 = Ci + C2 - C5 + 053 + 057 + 062 + 067 + 085, C3 = C2, O20 = -Ci + ic2 + \cz - I053 - 

062 + 3:057. The last case produces H4.5f) one more time, and basically concludes the proof 
of the Theorem. □ 

The fact that so few Lie algebras are gotten may depend on the requirements made both 
on the G2 structure and on the seven-dimensional construction. One easily recognizes that 
the groups associated to (|4.3|l and H4.4|) are the torus and the product x Ti^ of a 
torus with the real 3-dimensional Heisenberg group respectively, while (|4.8|) is attached to 
the complexified 3-dimensional Heisenberg group Ti^. 

In the case of an Einstein solvmanifold, the eigenvalues of the derivation D are positive 
integers ki < . . . < without common divisors 20 . Indicating the respective multiplici- 
ties by c?i, . . . , dr, Heber defines the string (fci, . . . , fc^; di, . . . , rf^) the eigenvalue type of the 
solvmanifold. In our situation we have the following 
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4.4. Corollary. With the above hypotheses, the eigenvalues of the derivation D have all the 
same sign. More precisely, the eigenvalue data of the algebras of Theorem \4-^ are given by 
the following scheme 



Nilpotent Lie algebra 


Eigenvalues 


Multiplicities 


(0,0,ei5, 0,0,0) 


— |m, —TO, — ^TO 


2,3,1 


(0,0,ei5 + 6*^^^,0,0,0) 


— |m, —TO, — |to 


4,1,1 


(0,e4^ + 6^1,0,0,0) 


-|m, -|m, -|to, -|to 


2,2,1,1 


(0,e«,e46, 0,0,0) 


— ^rn, — |to, —to, — |m 


1,2,1,2 


(0,ei6 + e45,ei5 + e6^ 0,0,0) 


2 4 
— ^m, — |to 


4,2 


(0,0,ei5,e25,0,ei2) 


— |m, — |to 
5 ' 5 


3,3 



The real number to has to be a negative, in order for s to be of Iwasawa type. Notice 
that the resuh holds just assuming non-degeneracy (thus dropping Q in Definition 13. l|l . 

In the present set-up, the Corollary matches to the result of ^ for appropriate choices 
of TO. Moreover, the eigenvalue type is unique to each example, in contrast to the Einstein 
case where the solvmanifolds associated f)3 © f)3 and fig have the same eigenvalue type. 

As a by-product of the classification, the following necessary condition crops up: 

4.5. Corollary. With the above hypotheses, if Y has a G2 structure of type A4, then N is 
either a 2-step nilpotent Lie group or a torus. □ 

This is reflected in the fact that the metrics supported by these solvmanifolds arise on 
torus bundles over tori of various dimensions and rank, cf. ^ Notice that the only 2-step 
nilnianifold missing, so to speak, is that corresponding to (0, 0, 0, 0, e^^, e'^'*) = t)3 ® f)3. It is 
known to the authors that this Lie algebra admits a large family of half-flat S'f7(3)-structures. 
The product of the corresponding nilmanifold with some real interval can be endowed with 
a metric with holonomy contained in G2 |21| . but by the Theorem such metric will not be 
conformally equivalent to a homogeneous one on a solvable extension of x H'^. 

4.1. Some consequences. A slight change of approach allows to detect properties in a 
simpler way. Let 

a^=e^-fie^, = - ie^, ^ e'^ + ie^ 
be the basis of complex (1, 0)-forms determined by l|2.1|l . so one may write 

= A A = a^^^. 
Translate all SU{3) forms into this language 

c^ = -i(a"-f a22 + a33) and V+ = ^ + a^'^) etc., 
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with a* indicating the conjugate a* and a*-' standing for a^a^ , i,j = 1, 2, 3. Equations (|4.2|l 
become 

(C6 - C5)(ai23 + «i23) _ + c,)(ai23 + ai23), 

-4zda^^^ = (2m - ci - C2 - C3 - C4)a^^^^ + (2m - C3 - C2 - C5 - C6)a^^^^ - 
(2m + C1+C4 + C5+ C6)a"^^ 
Because of type, the terms in the latter can be treated separately 

{Aida^ — (2m — ci — C2 — C3 — C4)a^^ 
Aida"^ = (2m + ci + C4 + cg + ce)a^^ 
Aida^ — (2m - C2 — C3 — C5 — ce)^^^. 

The special case in which J is actually a complex structure is instructive. Since the six- 
dimensional manifold is half- flat, hence has intrinsic torsion only in ,yV2 and W3, the 
further requirement that dijj~ = forces N to become balanced. By H4.2II the extension's 
coefficients satisfy the relation 

Ci + C4 = C5 + C6 -3(C2 + C3). 

In relation to the structures (|4.3(l - (|4.9|l , equations (|2.2|l confirm that if {N, J) is Hermitian 
then Hol{g) is a subgroup of G2 

4.6. Proposition. On the solvable group corresponding to 5 — n ® Mey the G2 structure 
Lp — cje^ -|- V'^ cannot he conformally parallel if the almost complex structure J on n is 
integrable. □ 

By this result, if one fixes the almost complex structure J, there exists a unique choice 
of V'^ in the I7(l)-family of stable real 3-forms, since the closure of -0" renders J necessarily 
integrable. 

Remark 4.7. A reasonable question is to ask whether this geometry has the potential to 
produce strong G2-nietrics ^3]. As the torsion form is merely $ = mtp~ , its closure entails 
that N is again a complex manifold (hence balanced). Although this is enough to conclude 
that the holonomy of Y reduces, things get even worse, for has components in A'^n* A e'' 
as well, forcing 

Ci = C4, C5 = Cg,C2 = C3 = -(ci -I- C5). 

This gives dcu = —Smip^ G Wi, whence N has to be Kahler, confirming that the only 
solutions come from taking m = in H2.2|l . We conclude that if dT — 0, the Lie algebra 
structure H3.3|l simplifies to de^ = de^,de'^ = 0, so we are merely looking at Y as the 
Riemannian product of N with M, much of which is known 

A similar argument also restricts the range of m in the general set-up. We claim in fact 
that 

2m e {ci -I- C2 + C3 + C4, -(ci +C4, + C5 + ce), C2 + C3 + C5 + cq}. 

If s does not satisfy the above relation, then all coefficients in H4.1()|l are different from zero, 
affecting the topology of N. Considering for instance, one sees that and cannot be 
simultaneously closed, so the manifold N cannot admit more than three independent closed 
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1-forms. But Theorem 14.31 tells that only Lie algebras with first Betti number &i ^ 3 crop 
up, and the unique 2-step algebra attaining the minimum is (|4.9|l . which fails to satisfy the 
assumption. 

The conditions to have a compatible almost Kahler structure are found in a similar fash- 
ion. It is non-obvious, and certainly unusual, that the symplectic condition also annihilates 
the component of the intrinsic torsion in W^, a module not directly depending upon duj: 

4.8. Proposition. Under the above assumptions, the nilpotent Lie group {N,J,uj) is sym- 
plectic only when it is a torus, in other words 

du! = n is Abelian. 

Proof. If Lu is closed, its expression in complex form easily gives ci =04,03 = £2,05 — cq, 
which corresponds precisely to Jade-, — adeyJ; concerning Remark 13. 21 it is definitely worth 
noticing that the almost complex structure and the derivation D — ade^ commute just for 
two nilpotent Lie algebras, that is the Abelian one and the Iwasawa Lie algebra. The latter 
though does not satisfy the requirement that m = — ^ Ci = —trader, whence only the torus 
has symplectic structures generating a G2-manifold of type X4. □ 

5. Description of the Ricci-flat metrics 

So 5 = nffiMey possesses a conformally parallel G2 structure determined by the Lie types (|4.3|l 
- (I4.9|l of n. A transformation g i— > e^-^g with conformal factor df — — me^ produces Ricci-flat 
metrics, which we describe in detail. Since the corresponding simply-connected solvable Lie 
group Lie group S is diffeomorphic to R^, it is possible to find global coordinates (cci , . . .xe,t) 
that describe the left-invariant 1-forms e^, . . . , and = dt, all of which depend upon one 
real parameter m 0. The general form for these metrics will thus he g — e~^™' X]I=i(^')^: 
and the explicit calculations will be relevant in the determination of holonomy groups. 

In some cases, the solution can be related to the results of ^21, whose metrics depend 
upon a function accounting for the scaling symmetry. We can thus prove that all our metrics 
admit a homothetic Killing field, i.e. a vector field Z such that Czg = cg,c € M. 

5.1. The Abelian case. For the Lie algebra H4.3|l . the coordinates 

r = e™*dx,, i = 1,. ..,6, 
\ e^^dt 

just yield the flat metric g = X^Li dxf + e-'^"^^dt^ on x R. 

5.2. The algebra R^ (53. Consider the solvable extension of the product 14.4|l of a torus 
with and let 

{e* = e3"^*dxi, i — 1,5, 
e' = e"*dxi,^ ^ = 2,4,6, 
= dt. 

The Riemannian structure 

(5.2) g^dxl + dxl + dxl + e-i'"*(dx? -t- dxl) + ^m^eh'^dx^ + x^dxif + e'^^'di^ 
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restricts to a special holonomy metric ds on span{a;i, 0:3, x^jt} viewed as Q x R, Q being the 
total space of a circle bundle over T^. In fact the subgroup of G2 preserving ds is orthogonal, 
hence Hol{g) = G2 n S0(4) = SU{2). 

5.3. The algebra (0, 0, e^^ + e^^, 0, 0, 0). When S corresponds to (gSJ, we set 

e* = et™*da;,, i= 1,4,5,6, 
3 

e"^ = — iTOe2'"*(|(ix3 + Xsda;! + x^dxe), 

whence 

(5.3) g = dxl + e"^"*(dx? + dxj + dxf + dxl)+ 

^m^e"*((ia;3 + ^x^dxi + ^X4dxe)^ + e"^"*di^ 

has holonomy SU{3) C G2- Restricting ourselves to {x2)^, we obtain a metric on the product 
of a principal T^-bundle over with R. 

5.4. The algebra (0, e'*^, e**^ + e^^, 0, 0, 0). Let us look at now: 

-mt 

e* = e5™ (ia;^, i = 1, 6, 
7 

* = — |rn e5™*(c?x3 — ^xidx^ + ^x^dxe), 

-mt 

e' = e5™ dxi, ^ = 4, 5, 
= dt 

V 

allow to write down a previously unknown exceptional metric 
5.1. Proposition. Let n be the nilpotent Lie algebra defined by 

62 = [65,64], 63 = [66,64] = [61,65]. 

Then with the above conventions, the solvmanifold S relative to 5 — n © Key carries a 
Riemannian metric 

(5.4) g = e-^"''dt^ + e-^^^'idxl + dxl) + e'l'^'idxl + dxl) + 

4 2 
^m^65™ (dxs — ^xidxQ + ^x^dx^)'^ + ^w^e5™ (dx2 + ^x^dx-^)^ 

whose holonomy group is precisely G2. □ 
In sufficiently small neighbourhoods, this metric is clearly isometric to 
ds^ = V^dy^ + V{dzl + dz}) + V'^{dzl + dzl) + 

V^^(dz^ + k{—zidz^ + Z4(iz6))^ + V'^{dz2 + kzj^dz^Y , 
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with V = ky, on the product of R with a T^-bundle over a T^. The fibre coordinates are 
Z2, Z3, whilst y accounts for the K factor. The metric (|5.4|) has a symmetry generated by the 
homothetic KiUing field 

Z = --^^ + 4:Xij^ + 4,xeJ- + Sxijf- + 8x575^ + ^rnxsJ- + ^mx2jf-, 

m ot ^ axi " oxe ^ ox^ ^ axs 5 0x3 5 ^ 0x2 ' 



found by imposing invariance under a suitable scaling factor. For appropriate Killing vector 
fields, this feature is common to all other metrics in this section J7|. Note that Z does not 
correspond to cj, for 

idz')a, oil) = i^^ofr) - afr^'(i) - ^'di' air]) ^ 0- 



ra 




0,0,0) 


The coordinates 


el 










e2 


5 * 

1 T^J^t / 

— ^me4 ( 


-\dX2 + 


x^dx^). 




e3 


1 ^rnt 1 

— ^me4 ( 


-|dX3 + 


Xgdx^), 





1 = 5,6, 



relative to H4.7|l produce the metric 



(5.5) g — dx\ + j^m^ [dx2 — '^x^^dx/Cf' 



Y^TO e2 (aa;3 — -^XQdXi) 



-"''dxj + e~2'"\dxs 



' ' dxl) 



It has holonomy S'!7(3), too. This can be recovered by looking at {xi) 
induced metric on the product of M with a principal T^-bundle over . 



and the 



5.6. The Iwasawa algebra. The algebra H4.8|) comes equipped with 1-forms 



(5.6) 



e* = e3"*da;,, i = 1,4,5,6, 
4 

= {2dx2 + x^dxi - x^dx^), 



= 7 _ 



-e3™*(2(ix3 + x^dxi + Xidxe 



dt. 



Then 

2 2 
^^^^ g ^ |TO^e3™*(dx3 + ixsdxi + ^X4dxQy + ^m'^e3"'\dx2 + ^x^dxi - ^X4dx5)^ + 

e'h'^idxl + dxl + dxl + dxl) + e-^'^'dt^ 



has holonomy G2- 
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5.7. The algebra (0, 0, e^^, e^s, 0, e^^). Eventually, 

4 2 

(5.8) g = e~5'" (dx^ + + dx^) + ^m^es™ (cZxa + ^x^dxi)'^ 

+ ^m2ei'"*(dx4 - ^X2dx5f + ^m^eh\dx6 + ^X2dxif + e^^^Vt^ 
belongs to 1)4.9(1 . by means of 

( -mt 

e* = es™ dxi, i — 1,2, 5, 

= — ime5™*(3rfa;3 + 2x5dxi), 

— ~ fine's"''* ('idx4 — 2x2dx^), 

= -iTOet"'*(3da;6 + 2x2dxi), 
^ e' = dt. 

These expressions identify g as a G2 holonomy metric on M times a T^-bundle over 

Leaving the torus' flat structure aside, three of the metrics found have reduced holonomy, 
i.e. Sf7(2) and SI7(3). These are attached to the algebras of Theorem 14.31 containing an 
Abelian summand 

M3©f)3, R©f)', R©f)" 
for given f)',f)". This hints that the G2 metrics could be reduced to lower dimensional 
structures of special type, with the same philosophy pursued in 3 . On the other hand 1(5.4(1 . 
(15.71) and 1(5.8(1 are proper holonomy G2 metrics, and are indeed built from algebras with an 
irreducible and more complicated structure. All metrics are scale-invariant. This is because 
the corresponding groups S can be decomposed into irreducible de Rham factors which are 
scale- invariant. The correspondence between n and the holonomy of the Ricci-flat metric g 
supported by its rank-one solvable extension s is summarised in the table. 



Nilpotcnt algebra n 


Holonomy 


(0,0,ei5, 0,0,0) 


SU(2) 


(0,0,ei5 + e64, 0,0,0) 


SU(3) 


(0, 6^1,0, 0,0) 


G2 


(0,e45, 6^6, 0,0,0) 


S17(3) 


(0,ei6-f 6*5^ ei5-f 6^4,0,0,0) 


G2 


(0,0,ei5,e25,0,ei2) 


G2 



6. Evolving the nilpotent S\]{i) structure 

Let us turn to r\iV x M and consider on the nilmanifold Y\N the SL/(3) structure induced 
by that of A^. In this section we wish to explain how one can use the so-called evolution 
equations discovered in 21. . These predict the deformation in time of special kinds of S!7(3) 
structures and their ability to give rise to metrics with holonomy contained in G2. As a 
matter of fact, it turns out that half-flat S'U(3)-manifolds represent the natural class with 



CONFORMALLY PARALLEL G2 STRUCTURES ON A CLASS OF SOLVMANIFOLDS 



17 



the potential to evolve along the flow of the differential system and be preserved by it at the 
same time. We thus assume that w(t), ■(/'+(t) is an SU{3) structure depending on a locally 
defined real parameter T G M. We may then regard the resulting 7-manifold as fibring over 
an interval, which accounts for a 'dynamic' inclusion of SU{3) in the exceptional group. The 
central point is that the fundamental forms evolve according to the differential equations 

(6-1) „ d. 

The compatibility relations restraining the almost Hermitian structure 

(6.2) wAV'+ = 0, 

(6.3) V"^Ai/'" = fw3 

are preserved in time. Considering the general difhculty in solving system (I6.1|l . half- flatness 
provides the simplest examples of evolution structures — other than nearly Kahler ones. 
Besides, as all data in question is analytic, the solution is uniquely determined, hence one 
can expect the outcome to resemble one of the metrics of the previous section 

6.1. Proposition. Any of the Ricci-flat metrics on the solvable Lie group S with structure 
equations (|4.4ll - (|4.9() . can be obtained evolving the SU{3) structure on the 2-step nilmanifold 
T\N. 

For understandable reasons the discussion will omit the case of T^, for which the results of 
this section hold anyway, if trivially. To avoid being too long, the proof will rely on the 
detailed description of the technique for t)3 E'^ and the Iwasawa algebra only. The forms 
i/)+(0), 07^(0) wiU be indicated by ip^, cjg. 

First example. We begin by considering the nilpotent Lie algebra 

(0,0, |mel^ 0,0,0) 

underlying that of H4.4(l . The forms defining the structure on r\A'^ are deformed by means 
of exact elements in Chevalley-Eilenberg's cohomology 

f^e^act = (el^^e"^el^«), 1]^,, = {e'^'\ e^^^\ e^'^') . 

We introduce the deformation functions, all depending upon T 

J \uj'^{t:) - P(T)icj2 + i:)(T)ei245 _|. £;(T)ei256 + F{'T)e^^^^, 

\ i/'+(T) = Q(t)V'([ + ^(T)el25 + S(T)el45 + C{T)e^^^ . 

By asking P(0) = Q(0) = 1, D{Q) = E{Q) = F{0) = A{0) = B{0) = C(0) 0, one is able to 
regain the initial structure (|2.1|l at time T = 0. The expression for tj^(T) suggests that the 
Kahler form, uniquely determined up to sign, must be of the following kind 

cj(t) = x{T)e'^'^ + y{T)e'^^ + z{T)e^^ + u;(T)e^^ + i(T)e^^, 

for certain functions satisfying a;(0) — z{0) — ~y{0) — 1, w{0) = j(0) = 0. In the following, 
the explicit dependence upon T will be dropped, with the convention that the relations hold 
for all appropriate values of time. By computing lu A lo one finds the relations 

(6.4) zx — P + xy ~ yz ^ — P, xw = — -D, zj = E. 
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In addition, the primitivity of underlying equation (|6.2I) implies yB = jQ, yC = wQ. 
The first differential equation of Ht).l|) compares 

^ = (Q' + A')ei25 + Q'(-e345 + e^^e + e^^S) + B'e^^^ + C'ei^e 

with 

du! = ^mye^'^^, 

dashed letters denoting derivatives with respect to T. This gives Q(t) = f , B{t) = C(t) — 
for aU T's, and A'{t) = |mj/(T). Therefore 

V'+ = (A + l)el25_g345 _^gl36_^g246_ 

From (|6.4|) one has j(T) = w{t) — 0, hence -D(t) — E{t) = 0. The determination of an 
orthonormal basis of 1-forms enables one to get ip~{T). Inspired by equations H5.1|l . one 
defines 

A"e\ X'^e^, X''e\ A''e^ A''e^ A''e^ 
for some non-zero function A = A(t) with A(0) = 1. For ?A+ = x2a+b^i25 ^ ;)^a+b+c (_g345 
e^^^) + X^^e^'^^ to resemble the previous expression one takes a + b + c = = 3b. One of 
many possible choices is a = ^ = — c, so that now -0^ assume the form 

= Aei25 - 6^45 + ei36 + e246^ ^- ^ x'^^ie'^'' ~ e^^s - e^^S) - A-i/2g346 

and thus A(t) = A(t) + 1. The second evolution equation 

-(P' + F')ei^^^ + P'(ei423 + e2356) ^ ^ J^^- ^ l^ei^se 

implies P(t) = 1 and F' — — 3^™_)_i • Eventually, volume normalisation says that 



A(0) = 0. 

The solution to this initial value problem reads 

A{t) = (1 - mT)2/3 - 1, 
so the geometric structure is evolving according to 



V^l - mT 

The associated metric 

(l-mT)2/3((ei)2 + (e5)2) + ^ (e^^ ^ (1 - mT)-2/3(e3)2 + 

i=2,4,6 

mirrors precisely H5.2|l : the appropriate coordinate system {xi\ on is given by 

e' — dxi, i 7^ 3, = —^m{dx3 + x^dxi), 

and the correspondence follows once one identifies 1 — mT with the conformal factor e~™*. 
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Second example. Let us look at the Iwasawa Lie algebra 

(0, -im(ei6 + e^S), ^mie^"^ - e*^), 0, 0, 0), 
whose evolution also deserves a detailed description. To start with, the deformation is given 

by 

= Qi'o + Ae^^^ + Sei46 + Cgise + 1)456^ 

^ lp^2 ^ j^gl456 + c.(gl435 _ ^1426) ^ Hi^e^^""^ - e"25) + 

the latter telling that the Kahler form is 

- xe^^ + ye23 + ^g56 ^ ^(^35 _ ^26) ^ ^(_g36 _ ^25) _^ ^(^13 ^ ^24) _^ ^(^34 _ ^12)^ 

This first relations obtained by comparison are 

— P = xy — yz, P + F = xz, 
(6.5) G — xu, H — XV, L = zp, M = za, 

up + va = 0, —ua + vp = 0. 

Then the evolution of ■0^ immediately annihilates A,B,C,D and yields 

Q' = ^fny, 

as is exact. On the other hand = = -~2e^^{ue^^^ + ve^^^ + pe^'^^ - ae^^^) forces 

the vanishing of most of the remaining coefficients 

The orthonormal basis A"e*, i = 1, 4, 5, 6, X^e^ , j — 2,3 is chosen in order to mimic equations 
(|5.6(l . The actual values oi a,b E M. are irrelevant at present, one could for example take 
a = — 1,6=1. In any case 

V'+ = A^'^+Vt^, - A2"+Vo~, with A2"+'' = Q. 

From dip^ = —uju;' one obtains P = 1 and F' = ^mQ, so that each of lu'^, tp'^ evolves in one 
direction only. This could have been predicted by counting dimensions, see The first 
line in (|6.5fl tells that x = z = —1/y = ^/F + 1, and (|6.3() gives the quartic curve 

= VfTT, 

so the evolution equations are equivalent to the first order system 

Q'(T) = -fg-2 

P'(T) = -|m(F+ 1)1/4 
Q(0) = 1, F(0) = 0. 

The first equation is solved by Q(t) — (1 — mT)!/^, hence F{t) = (1 — mT)''/^ — 1. Eventually, 
the Sf7(3) structure results in 

V'+(T) = (1 - mT)i/3 (e^^s - 6^45 + ei36 + ^246)^ 

.(T) = (1 - mT)^/3 (e- + e-) - (^3^^ e-. 

These data identify the non-intcgrablc complex structure — J3 studied in a broader context 
by and the flow corresponds to the one given in 3, ex. 2 (iii)]. A glance at the level 



20 



SIMON G. CHIOSSI AND ANNA FINO 



curves of the background Hamiltonian function confirms that the almost complex structure 
degenerates at time T = 1/m. The corresponding G2-metric 



1=1,4. 
5,6 



has its counterpart in 1)5. 7|l when t = In |1 — toT|. 

The other cases. 1. With the same technique we tackle the 6-dimensional Lie algebra with 
non-trivial brackets [65, ei] = \mez = [64, ee], isomorphic to (0, 0, 0, 0, 0, e^^ + e'^^). As time 
goes by, the outcoming 517(3) geometry is described by 



125 I „246\ , „136 „345 



e 



(T) = ^/T^7;^^(el4 + e56^ .23 



SO the Riemannian structure is 

g = VT^^ y {e^f + {e'f + -^{e^ + dT^, 
^ 1 - mT ^ ' 

5,6 

in agreement with H5.3|l . 

2. We next apply the evolution machinery to (O,— |me^^, |TO(e"'^^ — e**^), 0, 0, 0). The 
four-form flows according to icj^(T) = (f — mT)^/'^e^''^^ — e^'*^^ — e^'^^®, whose square root 
provides 

w(T) = (1 - mT)3/5(e" + e^*^) - (1 - mTj-^/^e^^, 

while the 3-form is 

- (1 - mT)2/5(-e345 + ei25 6^46) + gi^e. 

The Riemannian metric 

g = (1 - mT)2/5 ((ei)2 (e6)2) + (1 - mTf"' {{e^f + {e'f) 
+ mT)-2/5 (e2)2 + (1 _ mT)-4/5 (e3)2 + dT\ 

basically recovers that of Proposition 15. II 



3. The deformation of the Lie structure corresponding to de^ = — ime^^, de^ 



is 



^+ = el25 ^ gl36 ^ ^/Y^T^ (e246 _ ^345)^ 

1 



= \/l - TOT (e^'* -f I 
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a/1 - TlT 

hence we get 

g = (6^)2 + ^ ^ ((e^)^ + (e3)2) + (1 - toT) (e^)^ + yi^T^ ((e5)2 + (^6)2) ^ ^^2^ 
Vl — mT 

related to (|5.5|l . 
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4. At last, let us write what happens to (0,0, |me^^, |me^^,0, |me^^). After some com- 
putations one finds that 

V,+ = (1 - TOT)6/5 el25 _^ gl36 ^ ^246 _ ^345^ 

CO = (1 - mT)i/5 (ei4 - + e^^^ 
are compatible with the metric 

g = (l-mT)4/^ ^ (e')2 + (1 - mT)-2/5 ^ (e-'^ + dT^, 

1=1,2,5 J=3,4,6 

see (ESI- n 

It is no coincidence that in all cases the identification between the 'evolved' holonomy 
metrics and the ones found in ^jS] is attained by uniformly putting T = l/m(l — e"™') 
and using global coordinates xi,. . . ,xq on the nilpotent Lie group N to represent the left- 
invariant forms {e*}. Which brings to the completeness' properties of the metrics. We are 
always in presence of a unique singularity, determined by f{t) = exp{—mt) or, if one prefers, 
by the linear function /(t) = 1 — toT. This means that away from the degeneration, all 
metrics are complete in one direction of time, i.e. the tensors g,ip~^,ui describe a smooth 
structure for T S (—00, Tq], Tq < 1/m, see related discussion in 
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